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Abstract

A new computational approach for electrical analysis especially designed for application in biological tissues is presented. It is based on

the modelling of the electrical properties of the medium by means of lumped circuit elements, such as capacitance, conductance and current

sources. The cell scale model is suitable for modelling the local anisotropy around cell membranes. It permits to obtain the electric potential,

ionic concentrations and current densities around cells in time steps in an iterative process. The tissue scale model utilises volume-averaged

values of conductivity and permittivity and models suitably the dispersive characteristic of biological tissues. It permits to obtain potential

and current distributions in large volumes of tissue in the time or frequency domain. An example of analysis of skeletal muscle is presented

aiming to demonstrate the features of the method.
D 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Numerical field calculation is an important tool in the

electromagnetic characterisation of living matter. About this

subject, most of works produced up to now have focused on

the estimate of the power absorption by organs or the entire

body inside an electromagnetic field [1]. Because the ana-

lysed volume is very large compared with the cell dimen-

sions, the tissues involved are usually taken as homogeneous

relatively to their electromagnetic properties. Nevertheless,

when the focus is on the effect of the applied field on indi-

vidual cells, it demands high spatial resolution analysis with

suitable modelling of the electric properties of the medium, in

order to account correctly the local anisotropy around cells.

Electrical properties of biological tissues are complex. In

the scale of cell dimensions, the lipidic membranes act as

barriers for the movement of ions. Charge accumulation on

interfaces electrolyte–membranes causes field distortions,

conductivity increases and diffusive fluxes of ions around

the cells. Furthermore, the extension of the problem is
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increased by the morphological complexity of the cells. Cell

shapes are irregular. Biological membranes are very thin

structures (about 10 nm) compared with the total cell dimen-

sions (cell radius ranges from about 5 to 150 Am). Double

layers, the regions of charge accumulation around interfaces,

are even thinner (about 1 nm). Besides, biological tissues

generally present strong dispersive behaviour of their elec-

trical properties from very low to microwave frequencies.

In this paper, the equivalent circuit method (ECM) for

computational electrical analysis is presented. It was

designed aiming to obtain suitable numerical modelling of

the electric transport process, local anisotropy around cell

membranes and biological interfaces and dispersive behav-

iour of tissues. It is divided into two approaches: (1) cell

scale model is based on the modelling of the electric trans-

port properties of the medium by means of lumped circuit

elements as capacitance, conductance and current sources,

representing the displacement, drift and diffusion currents,

respectively; (2) tissue scale model is based on the modelling

of the dispersive behaviour of tissues by means of a network

of lumped capacitances and conductances.

An important feature of the method is the facility to model

boundary conditions and interfaces by simply connecting

circuit elements from each one of the adjacent mediums.

Besides, it is very easy to understand and implement in a

computer program.
ed.
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2. Equivalent circuit method—cell scale model

In order to obtain the equivalent electric circuit of a

medium in the cell scale model, initially, the volume under

analysis should be divided in a large number of small blocks

with parallelepiped shape, as shown in Fig. 1. Each block

constitutes a node in an equivalent circuit and communicates

with its neighbours by means of a set of paralleled circuit

elements: a conductance and a current source for each kind

of electric charge carrier in the medium, modelling the

conduction and diffusion currents, respectively, and a capaci-

tance representing the displacement current. Each element is

calculated based on the dimensions of the block and the

electric and transport properties in that point of the space. In

this discretized space, the total current leaving each node of

the circuit is given by the following difference equation:

I ¼
X
i

X
n

ðgniDiV þ kniDiqnÞ þ
X
i

Ci

yðDiV Þ
yt

ð1Þ

where the index n identifies each type of charge carrier in the

medium and i identifies each direction of the space (i = x,y,z).

V is the electric potential and q is the charge density inside a

block. D and y indicate difference in space and time,

respectively. The parameters g, k and C are the conductance,

diffusion coefficient and capacitance of the block, respec-

tively, and they are given by:

gni ¼ qnlni

Ai

Li
; kni ¼ fnDni

Ai

Li
; Ci ¼ ei

Ai

Li
ð2Þ

where ln and Dn are the mobility and diffusion coefficients

of the charge carrier n and e is the permittivity of the

medium. A and L are the area and length at the connection

of two adjacent blocks and fn is a voltage-dependent factor

from the solution of the one-dimensional Nerst–Planck

equation between two nodes (see Appendix A).

The electric potential, currents and charge distributions

can be obtained by solving the resulting electric circuit in time
Fig. 1. Space discretization in a parallelepiped block mesh.
steps in an iterative process. Defining Iqn as the part of the

total current due to the movement (diffusion + conduction) of

the n type charge carriers and applying the Kirchhoff Current

Law to the central node (node O) in Fig. 1, we obtain:

CON

yðVO � VNÞ
yt

þ
X
n

IqnON þ COS

yðVO � VSÞ
yt

þ
X
n

IqnOS þ COW

yðVO � VWÞ
yt

þ
X
n

IqnOW

þ COE

yðVO � VEÞ
yt

þ
X
n

IqnOE þ COU

yðVO � VUÞ
yt

þ
X
n

IqnOU þ COD

yðVO � VDÞ
yt

þ
X
n

IqnOD ¼ 0 ð3Þ

This equation can be rewritten in a more simplified and

suitable way for computation:

ðCON þ COS þ COW þ COE þ COU þ CODÞVO

� CONVN � COSVS � COWVW � COEVE � COUVU

� CODVD ¼ QO ð4Þ

whereQo is the total charge in the volume of the central block,

which is calculated in each time step by:

Qactual
o ¼ Qformer

o �
X
M

X
n

IqnOMyt ð5Þ

where M indicates each neighbour node connected to the

central node through the branch OM. Currents are considered

positive when leaving the central node. Likewise, the charge

density for each charge carrier type in the medium can be

obtained by means of finite integration, according to the

equation:

qactual
n ¼ qformer

n � 1

Dv

� �X
M

IqnOM yt ð6Þ

where Dv is the volume of that block.

Based on the model represented by Eqs. (1) and (2), an

equivalent circuit between adjacent nodes is proposed in

Fig. 2. Then, the ECM in the cell scale model consists in

obtaining the equivalent circuit of the medium and to solve

the system of equations as Eq. (4), one for each node of the

equivalent circuit, in time steps, for the given boundary and

initial conditions, and to update the total charge and charge

densities in each step, according to Eqs. (5) and (6). The

conductance gn for each charge carrier should be updated

too, utilising the new values of charge densities.

The whole set of node equations (Eq. (4)) can be written

in a compact form, using matrix notations:

CV ¼ Qþ F ð7Þ

where C is a capacitance matrix N�N (N is the number of

nodes of the circuit) containing the coefficients of node

potentials according to Eq. (4) (see Appendix C). V and Q



Fig. 2. Equivalent circuit for cell scale model. The letters O and X indicate

nodes of the circuit. The numbers 1 and 2 indicate different charge carrier

types.
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are vectors of node potential and total charge. F is the

excitation vector, defined by:

F ¼

CF1VF1

CF2VF2

: : :

CFNVFN

2
666666664

3
777777775

ð8Þ

where CFN is the capacitance connecting the source electrode

to the medium and VFN is the source potential in node n.

According to Eq. (7), the potential vector is obtained from:

V ¼ C�1ðQþ FÞ ð9Þ

Naturally, since geometry and permittivity of the medium

do not change during processing, C is constant and its

inverse form can be obtained once at the beginning of the

calculation. On the other hand, Q and F should be updated

in each iteration.
Fig. 3. Schematic representation of the charging process of a plan interface

at the initial instants.
3. Time step and convergence

Convergence of the iterative process is possible only if the

time step is smaller than some convergence threshold,

determined by the charging kinetic on the interfaces of the

medium. This can be evaluated from the continuity equation:

Bq
Bt

¼ �rðJc þ JdÞ ¼ �rðrE þ DrqÞ ð10Þ

where q is the total charge density, Jc and Jd are the

conduction and diffusion current density, respectively. r is

the conductivity and D is the average diffusion coefficient
(calculated over all kind of charge carriers) in that point of

the space. We can obtain an estimate of the contribution of

these two processes, conduction and diffusion, to the charg-

ing rate, making an approximate analysis valid in the initial

instants of the interface charging. For a flat interface per-

pendicular to the applied field, as shown in Fig. 3, the

interface is rapidly charged in the initial instants after turning

on the source, while the neighbourhood remains essentially

neutral. So, the diffusion current density leaving the interface

can be given approximately by:

Jd ¼ ð2D=DxÞqs ð11Þ
where qs is the accumulated charge density in the region

adjacent to the interface and Dx is the discretization length of

the space. Then, according to Eq. (10), the contribution of

this process to the charging rate is:

Bqs

Bt
¼ �rJd ¼ �ð2D=Dx2Þqs ð12Þ

and we can define a diffusion relaxation time at the interface

by:

ssd ¼ Dx2=2D ð13Þ
Furthermore, there is conduction current leaving the interface

due the electric field produced by the accumulated charge:

Jc ¼ ðrDx=2eÞqs ð14Þ
and likewise the diffusion current, this conduction current

contributes to the interface charging kinetics with the con-

duction relaxation time:

ssc ¼ 2e=r ð15Þ
Then, the total relaxation time for the charging process at the

interface is:

ss ¼ ssdssc=ðssd þ sscÞ ¼ ð2e=rÞ=ð1þ 4ðLD=DxÞ2Þ ð16Þ

where LD ¼
ffiffiffiffiffiffiffiffiffiffiffi
eD=r

p
is the Debye length, which for a

physiological electrolyte is about 1 nm (10� 7 cm). Eq. (16)



Table 1

Electrical properties of the medium

Parameter Value

Ionic density

(intra- and extracellular)

Na+ 0.14 M (13.5 C cm� 3),

Cl� 0.14 M (13.5 C cm� 3)

Ionic mobility in watera Na+ 5.2� 0� 4 cm2 V� 1 s� 1,

Cl� 7.9� 10� 4 cm2 V� 1 s� 1

+ � 5 2 � 1
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shows that the numerical evaluated charging kinetics is

dominated by the conduction process for DxHLD. However,

in high-resolution analysis, where Dx is of the order or lower

than LD, the diffusion process plays an important role in the

numerical results. For other surfaces different from a flat, ss
can be smaller than that value fromEq. (16). Then, the rule for

convergence is Dt < ss.
 Ionic diffusion coefficient

in watera
Na 1.33� 10 cm s ,

Cl� 2.03� 10� 5 cm2 s� 1

Eletrolyte permittivityb 78

Membrane capacitancec 10� 6 F cm� 2

Physiological composition is simplified for only two ions. Values in

parentheses are the equivalent charge densities.
a Values for 298 K from [3].
b It was considered only the water contribution.
c Typical value for biological membranes from [2].
4. Two-dimensional modelling of a skeletal muscle

The method described above permits local analysis

around cell membranes and subcellular structures. As an

example of its applicability, we analysed a simplified

model of a skeletal muscle tissue. Fig. 4 shows a sche-

matic representation of the skeletal muscle in a transversal

plane. For the purpose of this study, the tissue is only a

group of very thin isolating membranes immersed in

aqueous solution of ions. The geometrical details of a

group of muscle fibres inside a bundle are also shown.

Because of the symmetries, local analysis can be made just

in the rectangular region shown in that figure. Cell radius

is assumed to be 50 Am and minimum distance between

neighbour cells is 1 Am. The cell marked with the angle a
is the target for local and averaged calculation of electric

field and currents. Only the influence of the nearest

neighbour cells are considered in the calculation on the

target cell. Electric properties of the medium are given in

Table 1.

The discretization mesh for this two-dimensional problem

was built with two levels of resolution, using square ele-

ments. As shown in Fig. 5, the low-resolution mesh occupied

the major area far from the membranes. In order to obtain a

good representation of the geometrical details in the inter-
Fig. 4. Schematic representation of a skeletal muscle in a transversal plane.

Local analysis was performed in the rectangular region inside the bundle.

The source of potential was connected to plane A. The source reference

(0 V) was connected to plane B. In the planes C and D, currents and field

vanish due to the even symmetry of charge and potential distribution. For

dog skeletal muscle, rcc 50 Am [2] and d was fixed arbitrarily at 1 Am.
stitial space, a high-resolution mesh was built around the

membranes.

In the whole analysed region, there are 92� 50 divisions

in the x and y direction, respectively, resulting in 4600

square elements of edge h = 1.75 Am. In the high-resolution

region, there are 25 small squares inside each big one. The

total number of elements in the mesh is 12,664. Each

element defines a node of the equivalent circuit of the

medium. The number of connections for each node depends

on its position in the mesh. It is 3 for nodes on the even

symmetry planes. For big elements in the bulk, this number

is 4 for those not in contact with the high-resolution region

or 8, 12 or 16, otherwise. So, the number of terms in each

node equation of the circuit ranges from 4 to 17. When two

neighbour elements are in opposite sides of the membrane,

the connection between them are made only by the mem-

brane capacitance.

Boundary conditions are specified in the inset of Fig. 4.

Planes A and B are for source connection. Field and currents

vanish on planes C and D because geometrical symmetry
Fig. 5. Expanded view of a small region of the discretization mesh. In the

present case, h= 5dh, so that there are 25 small squares inside a big one.
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results in even symmetry for potential and charge distribu-

tion around them.
Fig. 7. Electric field distribution on the membrane of the target cell in the

tissue and in a single cell obtained both in the same electrolyte composition

and applied field of 100 V/cm. a is the angle between electric field and

position vector on the membrane. The theoretical curve for a single cell is

based on the analysis shown in Appendix B. In order to get the membrane

capacitance of 1 AF/cm2, we used the value 8.85 nm for the membrane

thickness and 10 to the membrane permittivity.
5. Results using the cell scale model

In the first numerical experiment, an electric field as a step

of 100 V/cm was applied in the x direction. The potential in

the plane Awas calculated considering V= 0 in the plane B.

It was executed 2000 iterations with time step of 0.3 ns. The

distribution of potential in steady state is shown in Fig. 6. As

it was expected, the potential is constant inside cells while

membranes support the major part of the potential drop.

Because the membrane is very thin, the electric field on it is

much higher than the applied field on the tissue. Electric field

on the membranes in steady state is shown in Fig. 7, as a

function of the angle a. In Fig. 8, the electric field in a = 0 is

shown as a function of the time. In both graphs, the

corresponding results for a single cell obtained from numer-

ical and theoretical calculations are also shown. The theo-

retical analysis is shown in Appendix B.

Agreement between numerical and theoretical field dis-

tribution in steady state for a single cell is good. Error is

about 3% in a = 0. Nevertheless, in the tissue, field distri-

bution is very different from the theoretical cosine distribu-

tion. This electric field results from charge accumulation on

membrane surfaces, but transversal flux of ions is reduced in

some regions where membranes are very close.

Time constant for membrane charging obtained from

numerical simulation for the single cell departs from theo-

retical value by about 15%. This is significantly higher than

the field amplitude error, what suggests a stronger depend-

ence of the numerically evaluated charging kinetics from

mesh resolution. On the other hand, charging kinetics in the
Fig. 6. Potential distribution 6 As after an electric field step of 100 V/cm in

the x direction.
tissue is more complex, because it runs approximately as a

second order relaxation process. According to the numerical

simulation results, electric field on the membrane can be

written in the form:

Em ¼ E1ð1� expð�t=s1ÞÞ þ E2ð1� expð�t=s2ÞÞ ð17Þ

Values for (E1, s1) and (E2, s2) are shown in Fig. 8 and

they were used for tracing the continuous line curve for the
Fig. 8. Time dependence of the electric field on the membrane in a= 0 for

the target cell in the tissue and in a single cell obtained both in the same

electrolyte composition and applied field of 100 V/cm. The theoretical

curve for a single cell is based on the analysis shown in Appendix B.

Continuous line in numerical results represents the best fit for an analytical

second order model (Eq. (17)).



Fig. 9. Current distribution 6 As after an electric field step of 100 V/cm in

the x direction.

Fig. 11. Frequency dependence of (a) averaged conductivity and (b)

averaged permittivity in a bundle of skeletal muscle fibres according to the
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tissue. These parameters were observed to be dependent of

angle a.
Fig. 9 shows the total current density (absolute value)

distribution in steady state. Because membranes are very

thin, immediately after the step, the current distributes

almost uniformly in the space. However, as membranes

are charged, the current is concentrating in the interstitial

space between cells. A plot of the time evolution of the

averaged value of the current density in the x direction is

shown in Fig. 10. This average was calculated in the marked

region (inset on Fig. 10). As will be demonstrated, this

behaviour can be modelled very well as a first order

relaxation process.

In the second numerical experiment, the applied electric

field was a pulse of 100 V/cm and duration 30 ns. Fig. 10

shows the averaged total current in the x direction as a

function of time. Using Fourier transform, we can obtain the
Fig. 10. Time dependence of the averaged current density in the x direction

for step and pulse excitation. Averaged values were calculated on the

marked region shown in the inset.

numerically obtained field and current distribution around the target cell.

The theoretical curves are the best fit for the first order relaxation model

given by Eqs. (21) and (22) with rs = 4.7� 10� 4 S/cm, Dr= 1.72� 10� 2

S/cm, el= 78, De= 7.7� 104 and s = 0.4 As.
frequency dependence of the averaged tissue conductivity

and permittivity inside a bundle of fibres. The tissue specific

admittance is given by:

cðxÞ ¼ JðxÞ=EðxÞ ¼ rðxÞ þ jxeoeðxÞ ð18Þ

where x is the angular frequency, J is the averaged current

density, E is the averaged electric field, j ¼
ffiffiffiffiffiffiffi
�1

p
and

eo = 8.85� 10� 14 F/cm. Then, r and e are given by:

rðxÞ ¼ Re½cðxÞ
 ð19Þ
eðxÞ ¼ Im½cðxÞ
=xeo ð20Þ



Fig. 12. (a) Equivalent circuit to model the dispersive properties of a

medium in the tissue scale model with any bands of independent first order

relaxation. In order to obtain the correct values for the circuit elements, each

parameter in the model should be multiplied by the geometrical factor A/L,

where A is the transversal area and L is the length for each specific

connection. (b) Simplified circuit for time domain analysis. (c) Simplified
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Fig. 11 shows the obtained r(x) and e(x). The contin-

uous line in those graphs represents the best fit for the first

order relaxation model given by [2,4]:

rðxÞ ¼ rs þ Drx2s2=ð1þ x2s2Þ ð21Þ

eðxÞ ¼ el þ De=ð1þ x2s2Þ ð22Þ
where rs is the static conductivity and el is the relative

permittivity in high frequencies. Dr and De are the con-

ductivity and permittivity amplitudes of dispersion respec-

tively and s is the time constant of the relaxation process.

Dr and De are interrelated by:

De ¼ ðs=eoÞDr ð23Þ

Using el= 78, the values obtained for the other param-

eters are: rs = 4.7� 10� 4 S/cm, Dr = 1.72� 10� 2 S/cm,

De = 7.7� 104 and s = 0.4 As. These are in qualitative agree-

ment with experimental results and theoretical calculations

for the b dispersion of the dog skeletal muscle [2].

circuit for frequency domain analysis.
6. Equivalent circuit method—tissue scale model

The method presented above applies to the analysis in the

scale of cell dimensions. Because it demands high-resolu-

tion meshes, it is unsuitable for analysis of large volumes of

tissue. When dealing with tissues, since the focus is no

longer cells, but large amount of cells, an averaged volume

electrical properties based model is more suitable. Fig. 11

shows that the averaged conductivity and permittivity of an

cylindrical cell aggregate is very well described by a first

order relaxation model. However, dielectric properties of

real biological tissues are more complex. Besides the b
dispersion shown above, real tissue normally presents the a
dispersion in very low frequencies associated with ionic

diffusion in double layers around plasmatic membranes and

c dispersion related mainly to the water polar relaxation,

which occurs in microwave frequencies [2,4]. Because those

processes occur in very different frequency ranges, gener-

ally, they can be well approached by independent first order

relaxation models [4]. However, many tissues are better

modeled by fitting some empirical relaxation function as

that proposed by Cole and Cole [5], which nevertheless

lacks theoretical justification.

In the simplest case, when dealing with independent

relaxation processes with relaxation times well separated,

the dielectric response of the tissue can be modelled by the

equations [2]:

rðxÞ ¼ rs þ Dra
x2s2a

1þ x2s2a
þ Drb

x2s2b
1þ x2s2b

þ : : : ð24Þ

eðxÞ ¼ el þ Dea

1þ x2s2a
þ Deb

1þ x2s2b
þ : : : ð25Þ

where Dr and De for each band are interrelated by Eq. (23).
The tissue scale model for numerical analysis of bio-

logical media is based on the above described model. An

equivalent circuit where any number of independent relax-

ation bands can be modelled is proposed in Fig. 12. The

method consists in the space discretization and connection

of each element with its neighbours through the equivalent

circuit in Fig. 12(a), multiplying each parameter in the

model by the geometrical factor A/L, where A is the trans-

versal area and L is the length for each specific connection.

The resultant circuit can be analysed by any method from

linear circuit theory. The two approaches that we have used

are presented.

6.1. Iterative method for time domain analysis

This approach is equivalent to the method presented in

the first part of this paper. Circuit of Fig. 12(a) is simplified

to that of Fig. 12(b) where the capacitance in high frequency

is preserved, but all other elements are considered to be

related to the time dependent conduction current between

nodes of the circuit. Taking only two relaxation bands in the

model, this current can be evaluated as follows:

IðtÞ ¼ gsVox þ Ia þ Ib ð26Þ

where gs = rsA/L, Vox is the potential difference between

nodes (these nodes were named ‘o’ and ‘x’). Ia and Ib are the

dispersive currents. They can be evaluated by an iterative

method. Given a small incremental step in the current of any

dispersive branch in Fig. 12(a), the increment in the potential

difference between nodes in the time interval Dt is given by:

yVox ¼ ðIðtÞ=cÞyt þ yI=g ð27Þ
where c = eoeA/L and g = rA/L. Then, the current in t+ yt can
be written as:

Iðt þ ytÞ ¼ IðtÞ þ yI ¼ IðtÞð1� ðyt=sÞÞ þ gyVox ð28Þ
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So, taking Eq. (28) into Eq. (26), the total conduction current

I(t) between nodes ‘o’ and ‘x’ can be written in a time

discretized form as:

Iox;k ¼ gsVox;k þ ðga þ gbÞyVox þ ðIa;k�1 þ Ib;k�1Þ

� Ia;k�1

sa
þ Ib;k�1

sb

� �
yt ð29Þ

where k is the time discretized parameter. Following an

equivalent procedure to that presented in Eqs. (3)–(9), we

obtain the equation system in the matrix notation as:

CV ¼ Qþ F ð30Þ
where C is the high frequency capacitance matrix containing

terms as cl= eoelA/L (see Appendix C), V is the node

potential vector,Q is the node charge vector with terms given

by:

Qo;k ¼ Qo;k�1 �
X
x

Iox;k�1yt ð31Þ

and F is the excitation vector given by:

F ¼

cF1VF1

cF2VF2

: : :

cFNVFN

2
666666664

3
777777775

ð32Þ

where, like Eq. (8), cF is the capacitance connecting the

source electrode to the medium. Eqs. (29)–(32) have to be

solved iteratively to obtain the vectors V and Q in each time

step.

6.2. Frequency domain analysis

For frequency domain analysis, Fig. 12(c) is considered

the equivalent circuit of the tissue. r(x) and e(x) are given

by Eqs. (24) and (25). The total admittance between nodes is

y = cA/L, where c is the specific admittance defined in Eq.

(18). Applying the Kirchhoff Currents Law for each one of

the N nodes in the total medium equivalent circuit, we

obtain N equations like this:X
x

yoxðmo � mxÞ ¼ 0 ð33Þ

where the summation extend over all neighbours nodes

connected to the node ‘o’ and v is the node potential in

phasor notation. Now, separating real and imaginary parts of

Eq. (33) results:

X
x

goxðmor � mxrÞ � xcoxðmoi � mxiÞ ¼ 0

X
x

xcoxðmor � mxrÞ þ goxðmoi � mxiÞ ¼ 0 ð34Þ
where the subscripts ‘r’ and ‘i’ indicate real and imaginary

parts, respectively. Eq. (34) can be rewritten in the form of a

matricial equation:

YV ¼ F ð35Þ
where:

V ¼

m1r

m2r

: : :

mN r

m1i

m2i

: : :

mN i

2
66666666666666666666666666666664

3
77777777777777777777777777777775

; F ¼

gF1mF1

gF2mF2

: : :

gFNmFN

xcF1mF1

xcF2mF2

: : :

xcFNmFN

�������������������������������������

�������������������������������������

; Y ¼
G �xC

xC G

�������
�������

ð36Þ
where gF and cF are the conductance and capacitance

connecting the source electrode to the medium, respectively.

G and C are the conductance and capacitance matrix of the

medium. Both of them have N�N size, with the same

structure of the others C matrix presented previously (and

also in Appendix C). Eq. (35) has to be solved to obtain the

vector V in each frequency of interest.
7. Results using the tissue scale model

Now, the example of muscle tissue excited by a electric

field can be concluded. The values obtained for r and e inside
a bundle of fibres in the b dispersion were shown in Fig. 11.

The a dispersion did not appear in the numerical results

because spatial resolution was very poor for modelling the

electric transport in the double layer. In order to make this

analysis more realistic, we are going to take some approxi-

mated values for a dispersion of dog skeletal from [2]:

sa ¼ 1:6 ms

ea ¼ 106

ra ¼ 5:5� 10�5 S=cm

Fig. 13 shows a piece of the tissue structure given in Fig.

4, where now the circular structures are bundles of fibres



Fig. 13. View of a piece of the skeletal muscle used in the numerical

simulation with the tissue scale model. Interstitial space between bundles is

filledwith electrolyte. PlanesA andB are for source connection. Planes C and

D are even symmetry surfaces where transversal field and current vanishes.

Fig. 14. Distributions of (a) electric potential and (b) total current density on

the tissue for 1 Hz and 100 V/cm applied field. In low frequencies, the

electric field is uniform inside the bundles and higher there than the outside,

while current concentrates in the interstitial space between bundles. Inside

the bundles the current does not vanish, although it does not appear in (b).
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inside the muscle. The space between adjacent bundles is

considered filled only with electrolyte, so that the parame-

ters for dispersion modelling in that region are the electro-

lyte conductivity, rs = 1.77� 10� 2 S/cm and the water

permittivity, el= 78. No dispersion process in the electro-

lyte is considered.

The mesh for numerical simulation was built with

75� 40 = 3000 squares with edge of 24 Am. We used

frequency domain analysis in the frequency range from 1

Hz to 100 MHz.

Fig. 14 shows the potential and current distributions on

the tissue for a 1 Hz and 100 V/cm electric field excitation.

Note in Fig. 14(a) that the electric field is uniform inside the

bundles and higher than the field outside. The current

distribution in Fig. 14(b) is very concentrated in the inter-

stitial space between the bundles. However, current inside

the bundles does not vanish under ‘dc’ excitation.

Finally, calculating the averaged values of current and

field around a bundle of fibres and using again the concept

of specific admittance, we obtained the dispersion curves of

the tissue. This is shown in Fig. 15. The two bands of

dispersion is very well marked in the permittivity curve.

This is a characteristic of the current-field relation inside the
Fig. 15. Dispersion curves for the tissue. (a) Conductivity and (b)

permittivity. It has well marked the two bands of dispersion in the

permittivity curve.
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bundles. On the other hand, the low frequency conductivity

of the tissue is practically due to the interstitial conduction.

Numerical results agree well qualitatively with experimental

results from Ref. [2].
8. Conclusion

The equivalent circuit method was designed aiming to

overcome limitations in the numerical modelling of the

electrical properties of biological media linked to the local

anisotropy around cell membranes and relaxation process

that cause dispersion in the conductivity and permittivity

of the tissues. It joins the simplicity of the finite differ-

ence approach for the electric transport differential equa-

tions, the easiness of the lumped circuit modelling and

the power of the finite integration method to solve the

coupled problem of charge and field in the conduction

process.

The cell scale model is an approach used for local analysis

around cells. In this approach, one considers only the effect of

the nearest neighbours cells around the target cell. It permits

to obtain spatial distributions in time steps of electrical

potential, charge concentration and current density of any

type of ion included in the model. That information can be

very useful in experiments of electrical excitation of cells.

Although not considered in the example presented in this

paper, an important feature of the cell scale model is the

possibility to include non-linear effects associated with

biological membranes as ionic channels and electroporated

membrane conductance.

The tissue scale model utilises first order relaxation

approaches to model the dispersive behaviour of tissues

by means of a network of capacitance and conductance.

Since we have ignored the dielectric dispersion of the

electrolyte (mainly due to the dipolar relaxation of water

and proteins), the proposed method is frequency limited to

the range where this effect can be neglected in relation to

the dominant one associated with interfacial polarisation of

the membranes. Roughly, we can state this limit at about

100 MHz.
Appendix A

In an electrolytic solution, the Nerst–Planck equation for

one specific ion n can be written in the form:

jn ¼ �zneDnðrcn þ
znecn

KT
r/nÞ ðA:1Þ

where zn is the ion valence, Dn is the diffusion coefficient of

the ion, cn is the ionic density, /n is the effective potential of

that ion type in that medium, e is the proton charge, K is the

Boltzmann constant and T is the absolute temperature.

Defining the term vn =KT/ezn as a constant for each ion
type, we can write Eq. (A.1) according to the notation used

in Eqs. (1) and (2):

jn ¼ �lnðqnr/n þ mnrqnÞ ðA:2Þ

where the ionic mobility ln is related to the diffusion

coefficient by the Einstein’s relation, Dn = lnvn and

qn = znecn is the ionic charge density. Eq. (A.2) can be

rewritten in the form:

jn ¼ �lnmne
�/n=mnrðqne

/n=mnÞ ðA:3Þ

From now on, we are going to ignore any possible differ-

ence between the effective potentials of different ion types,

so that the potential /n will be substituted by V, the potential

due to the external sources and internal charge accumula-

tion. Now, considering the discretization of the space, we

can rearrange terms and calculate the line integral of both

sides of Eq. (A.3) in a specific direction connecting two

adjacent nodes.

Z L

0

jne
V=mndl ¼ �lnmn

Z L

0

dðqne
V=mnÞ ðA:4Þ

jn is now the component of the current density of the ion n in

the direction of dl. Taking jn as a constant inside the volume

between the two nodes and V as varying linearly between

limits 0 and L, we obtain from Eq. (A.4):

jn ¼ ðln=LÞDV ðq0e
DV=mn � qLÞ=ðeDV=mn � 1Þ ðA:5Þ

where DV=V0�VL. In order to obtain the current of the ion

n crossing the area between the nodes, we have to multiply

jn by A (the cross-sectional area between the nodes). Addi-

tionally, we can substitute q0 and qL by qav +Dq/2 and

qav�Dq/2, respectively, where qav is the averaged charge

density and Dq= q0� qL. So, the current is given by:

In ¼ ðlnA=LÞqamDV þ ðlnA=LÞDqðDV=2ÞðeDV=mn þ 1Þ
=ðeDV=mn � 1Þ ðA:6Þ

Defining the factor fn by:

fn ¼ ðDV=2mnÞðeDV=mn þ 1Þ=ðeDV=mn � 1Þ ðA:7Þ

the current of the ion n can be written in the final form:

In ¼ gnDV þ knDq ðA:8Þ

where:

gn ¼ lnqamA=L ðA:9Þ

kn ¼ fnDnA=L ðA:10Þ

Note that fn = 1 to DV= 0 and fnc 0.5DV/vn when DVHvn.
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Appendix B

The problem of a cylindrical membrane in a electrolytic

solution submitted to a uniform electric field is solved here

aiming to obtain a reference for numerical results evalua-

tion. Considering that the charge density vanishes in the

whole region of interest except on the membrane, one can

start from Laplace’s equation. In two dimensions, we have:

1

r

B

Br
r
BV

Br

� �
þ 1

r2
B
2V

Bh2
¼ 0 ðB:1Þ

The general solution of this equation, obtained from

variables separation, is of the form:

V ðr; h; tÞ ¼ ½s1ðtÞrm þ s2ðtÞr�m
½s3ðtÞcosðmhÞ

þ s4ðtÞsinðmhÞ
 ðB:2Þ

where it is assumed that the coordinate system has its origin

on the cylindrical centre. The s coefficients are functions of

time only and m is a constant. All these unknown values

should be determined from boundary conditions.

V ðr ! 0; h; tÞ ! finite value V ðr ! l; h; tÞ

¼ rEocosh
Bqþs
Bt

¼ �ro

BV

Br
ðr ! aþÞ

¼ Cm

B

Bt
½Vðr!aþÞ � Vðr!a�Þ


Bq�s
Bt

¼ ri

BV

Br
ðr ! a�Þ

¼ Cm

B

Bt
½Vðr!a�Þ � Vðr!aþÞ
 ðB:3Þ

where Eo is the value of the uniform applied electric field.

q+ and q� are the outside and inside surface charge density

on the membrane, respectively. Naturally, q� =� q+ due to

the electric flux density continuity condition. ro and ri are

the outside and inside electrolyte conductivity, respectively.

a is the membrane radius and Cm is the capacitance per unit

area of the membrane. The notation r! a+ and r! a�

refers to the limit of r = a + d and r= a� d when d! 0.

Taking the time derivatives in Eq. (B.3) to the frequency

domain, the application of the whole set of boundary

conditions in Eq. (B.2), results in:

V ¼ EWrcosh for r < a ðB:4Þ

V ¼ ðEor þ EVr�1Þcosh for r > a ðB:5Þ

where

EV¼ 1þ jx aCmð1=ri � 1=roÞ
1þ jx aCmð1=ri þ 1=roÞ

a2Eo ðB:6Þ

EW¼ jx2 aCm=ri

1þ jx aCmð1=ri þ 1=roÞ
Eo ðB:7Þ
Taking h as the membrane thickness, the electric field on

the membrane is given by:

Em ¼
Vðr!aþÞ � Vðr!a�Þ

h
¼ 2aEocosh

h

1

ð1þ jxsÞ ðB:8Þ

where

s ¼ aCmð1=ri þ 1=roÞ ðB:9Þ

In the time domain, Em is given by:

Em ¼ ð2 a Eocosh=hÞð1� e�t=sÞ ðB:10Þ
Appendix C

The admittance matrix of the equivalent circuit is

obtained from the set of node equations. Applying the

Kirchhoff Current Law to any node results in the following

relation involving node potentials and branch admittances:

X
x

yoxðVo � VxÞ ¼
 X

x

yox

!
Vo �

X
x

yoxVx ¼ 0 ðC:1Þ

As explained previously, the number of connections of a

node depends on its position in the mesh. In a three-

dimensional problem with a regular mesh, this number

can be 4, 5 or 6. Then, the number of terms in each node

equation can be 5, 6 or 7. When the set of node equations of

the circuit is put in the matrix form, the admittance matrix is

formed. Assuming that every connection has the same

admittance yo, the admittance matrix of the three-dimen-

sional regular mesh is:

1
#

2
#

Ny þ1
#

Ny Nz þ 1
#

Nx NyNz
#

4yo �yo 0 . . . 0 � yo 0 0 . . . 0 � yo 0 0 . . . 0

�yo 5yo �yo 0 . . . 0 � yo 0 0 . . . 0 � yo 0 . . . 0

0 �yo 5yo � yo 0 . . . 0 �yo 0 0 . . . 0 �yo . . . 0

. . .

. . . �yo 0 . . . 0 � yo 0 . . . 0 � yo 6yo � yo 0 . . . 0

. . .

. . . 0 0 � yo 0 . . . 0 � yo 0 . . . 0 �yo 4yo

��������������������������

��������������������������
This is a square matrix with (NxNyNz)

2 elements, where

Nx, Ny and Nz are the number of nodes (or mesh division) on

axes x, y and z, respectively. The only terms that do not

vanish in each line of the matrix are the main diagonal term,

which refers to the central node coefficient, and the terms

correspondent to the nearest neighbours. Considering node

numeration starting by the z axes and following by y and x

axes, respectively, then in the line of the node n, the non-

zero terms are located in the positions n� 1, n�Ny� 1,

n�NyNz� 1, n, n + 1, n +Ny + 1 and n +NyNz + 1.
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Because complex admittance is linearly dependent from

conductance and capacitance, matrices G and C have the

same structure as that of the matrix Y.
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